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Abstract

This paper considers the optimal control of an M/G/1 queue with two types of generally distributed

random vacation: type 1 (long) and type 2 (short) vacations. The server is turned off and takes type 1

vacation whenever the system is empty. If the number of customers waiting in the system at the instant of a

vacation completion is less than Q, the server will take a type 1 vacation. If the number of customers in the

system is greater than or equal to Q and smaller than N , the server will take a type 2 vacation. If the server

returns from a vacation and finds at least N customers in the system, the server is immediately turned on

and requires a startup time before providing the service until the system is again empty. We analyse the

system characteristics for this system by means of two important probability functions. The total expected
cost function per unit time is developed to determine the suitable thresholds of Q and N at a minimum

cost.
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1. Introduction

Queueing models with server repeated vacations have wide application in many areas such as
computer science, telecommunication engineering, queueing networks, and manufacturing envi-
ronments. Server vacations are useful for the system in which the server wants to utilise his idle
time for different purposes. For comprehensive and excellent surveys on queueing systems with
server vacations, see Doshi [1] and Takagi [2]. For the control policy of vacation queues, it is
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usually assumed that the server becoming available, or unavailable, completely depends on the
number of the customers in the system. Every time when the system is empty, the server goes on a
vacation. The instance at which the server comes back from a vacation and finds at least N
(predetermined threshold) customers in the system he begins serving immediately and exhaus-
tively. This type of control policy is also called N policy queueing systems with vacations. Lee and
Srinivasan [3] and Kella [4] provided detail discussions concerning N policy queueing systems with
vacations and their applications. Recently, Lee et al. [5,6] analysed in detail the batch arrival M/
G/1 queueing system under N policy with a single vacation and repeated vacations. Their results
significantly confirmed the stochastic decomposition property given by Fuhrmann and Cooper [7].
Recently, Zhang et al. [8] extended Kella�s model to a two-threshold case with two types of va-
cation.

The server startup corresponds to the preparatory work of the server before starting the service.
In some actual situations, the server often requires a startup time before starting his each service
period. Queueing systems combining N policy with startup time have attracted much attention of
several researchers since Baker [9]. The extensions of his basic model can be found in Borthakur
et al. [10], Minh [11], Medhi and Templeton [12], Takagi [13], Lee and Park [14], and so on.
Recently, Hur and Paik [15] examined the operation characteristics of M/G/1 queueing system
under N policy with server startup and explained how the system�s optimal policy and cost behave
for various arrival rates. Their work is unique to consider the behavior of arriving customers into
considerations. It is to be noted that fewer researchers studied queueing systems under N policy
with server startup time and vacation time treated as different random variables.

In this paper, we consider the optimal policy for an M/G/1 queueing system with the following
characteristics. The arrivals to the system occur according to a Poisson process with rate k. Ar-
riving customers at the system form a single waiting line and are served in the order of their
arrivals. The service time provided by a single server is an independent and identically distributed
random variable (S) with a general distribution function SðtÞ. The server can serve only one
customer at a time. Furthermore, we consider the M/G/1 queueing system in which the server is
turned off and takes a sequence of vacations whenever the system becomes empty. There are two
types of vacation available. Type 1 vacations take a long period of random length, with the va-
cation time, a generally distributed random variable, being denoted by V1. Type 2 vacations take a
short period of random length, with the vacation time, a generally distributed random variable,
being denoted by V2. As for control policy of our system, the following scheme is studied.

The server inspects the system and decides whether to take a type 1 vacation, a type 2 vacation,
a general startup time, or to start serving the customers exhaustively. As soon as the system
becomes empty, the server is turned off and takes a vacation for a period of random length V1
(type 1 vacation). If the number of customers waiting in the system is less than Q when he returns
from a vacation, the server will go on a type 1 vacation again. If the number of customers waiting
in the system is greater than or equal to Q and smaller than N , the server will take a type 2 va-
cation with random length V2. If N customers or more are accumulated in the system, the server is
immediately turned on but is temporarily unavailable to the waiting customers. He needs a startup
time with random length U before starting his service. As soon as the server finishes startup, he
starts serving the waiting customers until the system becomes empty. The illustration of this
system is shown in Fig. 1. The above listed control policy is vacation discipline of two thresholds
and is denoted as (Q, N ) policy in the analysis.
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In this article, the existing results are utilised to derive the expected number of customers for
this system. We then derive other important system characteristics. Following the construction of
the expected cost function per unit time, an efficient and quick procedure is developed for
searching the joint suitable thresholds (Q�, N �) that minimise the cost function. Some numerical
examples are also presented. Finally we draw some conclusions.

Q, N � thresholds (06Q < N and N P 1),
k � mean arrival rate,
q � traffic intensity, q ¼ kE½S�. In the steady state q < 1,
Z�ðhÞ � Laplace–Stieltjes transform (LST) of any random variable Z,
Z�ðlÞðhÞ � lth order derivative of Z�ðhÞ with respect to h,
E½Z� � the expectation for any random variable Z.

2. Analysis

In this section we first construct (i) the probability function of the number of customers present
when the server begins taking type 2 vacation, and (ii) the probability generating function of the
number of customers present when the server begins performing startup. Then, we study various
system characteristics by means of the probability generating functions.

2.1. Probability generating functions

Let us define

R1 � the number of customers that arrive during a type 1 vacation (long time),
R2 � the number of customers that arrive during a type 2 vacation (short time).

Fig. 1. An M/G/1 queueing system with busy cycle consisting of the vacation period, startup period and the busy

period.
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Throughout the analysis the following notations will be adopted.
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